Abstract. We present results from two projects on lattice calculations for the HiggsYukawa model. First we report progress on the search of first-order thermal phase transitions in the presence of a dimension-six operator, with the choices of bare couplings that lead to viable phenomenological predictions. In this project the simulations are performed using overlap fermions to implement the required chiral symmetry. Secondly, our study for applying finite-size scaling techniques near the Gaussian fixed point of the Higgs-Yukawa model is presented. We discuss the analytical formulae for the Higgs Yukawa model and show results for a first numerical study in the pure O(4) scalar sector of the theory.
Introduction
Investigation of the Higgs-Yukawa model using Lattice Field Theory can result in input for physics at the Large Hadron Collider (LHC). In particular, it enables us to extend the study of the model to the non-perturbative regime where a rich phase structure is being found [1] [2] [3] [4] . Such a phase structure can be employed to address the hierarchy problem and the issue of triviality. It can also provide insight into the nature of electroweak thermal phase transition which plays an important role in phenomenology of baryogenesis.
This article presents two projects on the Higgs-Yukawa model. First we discuss the extension of the theory with a dimension-six operator that may lead to a strong first-order thermal phase transition [5] [6] [7] [8] [9] . Secondly, we show results from our study of finite-size scaling for the Higgs-Yukawa model near the Gaussian fixed point. Unlike the usual practice in finite-size scaling where the scaling functions is unknown, in this project we are able to derive these functions. To our knowledge this is the first time such finite-size scaling functions are determined, and confronted with data from lattice simulations 1 . Such a study is of its own interests and will allow us to develop useful tools in looking for possible non-trivial fixed points at strong coupling.
where a denotes the lattice spacing. All the numerical works reported in this article have been performed with the choice of the bare Yukawa coupling, y = 175/246,
as motivated by the physical values of the Higgs-field vev and the top-quark mass.
Thermal phase transition in the Higgs-Yukawa model with a dimension-six operator
In this section, we present our study of the Higgs-Yukawa model with the inclusion of a term,
in the action of Eq. (1). This term can serve as a prototype of new physics. Here Λ is the cut-off scale that can be realised as 1/a on the lattice. It is natural to include this operator as one of the higher-dimension terms when interpreting the Higgs-Yukawa model in the language of effective field theory [11] . In the above expression, λ 6 is dimensionless. The addition of the dimension-six operator,
, can enrich both thermal and non-thermal phase structures of the theory. Our main interest in the Higgs-Yukawa model with the operator in Eq. (5) is the search for a viable scenario for a strong first-order thermal phase transition in the theory, while maintaining a secondorder transition at zero temperature. In performing such search, we scan the bare-coupling space to identify choices of parameters such that 1. The cut-off is high enough compared to the renormalised Higgs-field vev, denoted as ϕ ≡ φ 0 .
This means the condition, a ϕ 1,
has to be satisfied in our simulations.
2.
The ratio between ϕ and the Higgs-boson mass is compatible with experimental results, i.e.,
3. The thermal phase transition is first-order.
To ensure that Eq. (6) is realised in our simulations, we have to examine the non-thermal phase structure of the model. In the phase where the O(4) symmetry is spontaneously broken, this condition can be satisfied near any second-oder non-thermal phase transitions. In our previous work [12] , a thorough investigation in this regard was conducted for two choices of λ 6 (λ 6 = 0.001 and λ 6 = 0.1), leading to useful information for the current study. In order to check the constraint of Eq. (7), we determine the Higgs-boson mass from the momentum-space Higgs propagator. An important tool in our study of the phase structures is the constraint effective potential (CEP) [13, 14] 2 . The CEP, U(v), is a function of the Higgs-field zero mode,
where V is the four-volume and the sum is over all lattice points. This effective potential can be calculated analytically using perturbation theory. It can also be extracted numerically through a histogramming procedure ofv in Monte-Carlo simulations. Figure 1 exhibits our results at λ 6 = 0.001 and λ = −0.008. According to the study in Ref. [12] , perturbative calculations of the CEP are reliable at these values of the couplings. The plot in the left-hand panel demonstrates that this choice of the self couplings can lead to a second-order nonthermal and a first-order thermal phase transitions. The first-order transition is further evidenced by our numerical study of the CEP, as presented in the right-hand panel. On the other hand, results from perturbation theory show that the ratio ϕ /m H does not satisfy the condition in Eq. (7).
To perform further search, we choose λ 6 = 0.1 and λ = −0.378. Our work in Ref. [12] shows that perturbation theory for the CEP is no longer reliable at this value of λ 6 . Therefore we only resort to Monte-Carlo simulations on the lattice. Results for the CEP near the phase transitions are displayed in Fig. 2 . Although it is not clear whether these transitions are first-or second-order, it can be concluded that the non-thermal and the thermal phase transitions exhibit almost the same properties. Hence we conclude that this choice of the bare scalar self-couplings does not lead to a viable scenario for a strong first-order thermal phase transition.
Presently we are continuing this search with other choices of λ 6 and λ. and only include operators with dimension less than or equal to four in the action. The purpose of this investigation is to develop tools for exploring the scaling behaviour of the model near the Gaussian fixed point. These tools can be used to confirm the triviality of the Higgs-Yukawa theory, or to search for alternative scenarios where strong-coupling fixed points exist. Predictions from perturbation theory indicate the possible appearance of non-trivial fixed points in the Higgs-Yukawa model [16] . This issue was also examined with the approach of functional renormalisation group [17] , where no nonGaussian fixed point was found. Nevertheless, early lattice computations showed evidence for the opposite conclusion [1] . We stress that an extensive, non-perturbative study of the Higgs-Yukawa theory from first-principle calculations is still wanting. This is in contrast to the situation of the purescalar models which are now widely believed to be trivial (see, e.g., Refs. [18] [19] [20] [21] ). In our previous attempt at addressing the issue of the triviality in the Higgs-Yukawa model, as reported in Ref. [4] , we employed the technique of finite-size scaling. The main finding in Ref. [4] is that one needs to understand the logarithmic corrections to the mean-field scaling behaviour, in order to draw concrete conclusions. In view of this, we developed a strategy, and worked out its analytic aspects, as reported in Refs. [22, 23] .
The main result in Refs. [22, 23] is that, using the techniques established by Zinn-Justin and Brezin for scalar field theories [24] , we can derive finite-size scaling formulae for various quantities in one-loop perturbation theory near the Gaussian fixed point. It is natural to include the leadingorder logarithmic corrections to the mean-field scaling law through this procedure. In this strategy, we first match correlators obtained with lattice regularisation to an on-shell renormalisation scheme, with the matching scale chosen to be the pole mass, m P , of the scalar particle. This pole mass can be extracted by studying the scalar-field propagator on the lattice. Its relationship with the renormalised mass parameter [the renormalised counterpart of the bare coupling m 0 in Eq. (1)], m, in the theory is
where the renormalisation scale is m P . Notice that m P is the Higgs-boson pole mass in the broken phase. Under the assumption that we work closely enough to the critical surface of the Gaussian fixed point, the condition m P 1/a is satisfied. We can then carry out one-loop running of the renormalised correlators from m P to another low-energy scale that is identified with the inverse lattice size, L −1 , that is of the same order of m P but with the constraint m P L > 1. This leads to predictions of finite-size scaling behaviour of these correlators. In performing the above one-loop running, one has to solve the relevant renormalisation group equations, introducing integration constants. These constants will then be treated as fit parameters when confronting the scaling formulae with lattice numerical data.
Up to the effect of wavefunction renormalisation, which results in additional L−dependence that can also be accounted for using one-loop perturbation theory, we have found that all the correlators containing only the zero mode of the scalar field can be expressed in terms of a class of functions
where the scaling variable, z, is
with λ R (L −1 ) being the quartic coupling renormalised at the scale L −1 , and s being the anisotropy of the four-volume,
Notice that the L−dependence in λ R (L −1 ) can be complicated, involving two integration constants resulted from solving the renormalisation group equations for the Yukawa and the quartic couplings [25] . On the other hand, there is no unknown parameter in the renormalised mass, m(L −1 ), because it is obtained from the scalar pole mass computed numerically on the lattice. To our knowledge this is the first time the formulae in Eq. (11) are derived, although similar results were obtained in the large-volume limit in Ref. [10] .
In this work, we study the Higgs-field vev, ϕ ≡ φ 0 , its susceptibility, χ, and Binder's cumulant, Q. The finite-size scaling formulae for these quantities are found to be
where ϕ 2 ≡ φ 2 0 in the definition of the susceptibility, A (ϕ) and A (χ) are unknown constants resulting from integrating the renormalisation group equation for the the wavefunction.
As mentioned above, the formulae in Eq. (13) can be complicated in the Higgs-Yukawa theory. Therefore as the first numerical test of our strategy, we resort to the pure-scalar O(4) model, in which the one-loop λ R (L −1 ) takes the simple form,
with only one integration constant, λ m P ≡ λ R (m P ), to be fitted from numerical data. In this numerical test, the bare quartic coupling is chosen to be 0.15, to ensure that we are working in the perturbative regime. Throughout our analysis procedure, the scalar-particle pole mass is determined by fitting the four-momentum space propagator, and then extrapolated to the infinite-volume limit employing a ChPT-inspired formula. More details of this aspect of our work will be reported in a near-future publication [25] . Figure 3 shows the results of the fits for ϕ , χ and Q in the pure-scalar O(4) model using the scaling formulae in Eqs. (13) and (14) . The fit parameters are λ m R and A (ϕ,χ) . We distinguish them in the symmetric and the broken phases, since the numerical values of these parameters need not be the same in two different phases. Upon extracting these parameters from our lattice numerical result, we can then evaluate the scaling variable, z, for our data points, as well as removing (rescaling away) the volume-dependence introduced via the effect of the wavefunction renormalisation in Eq. (13) . This allows us to test our finite-size scaling formulae through plotting the rescaled ϕ , χ and Q as functions of z. In Fig. 4 , it is demonstrated that these rescaled quantities all lie on universal curves that are only functions of z. Such behaviour, together with the good or reasonable values of the χ 2 , show strong evidence that our formulae indeed capture the scaling properties of the theory as governed by the Gaussian fixed point.
Conclusion and outlook
In this article, we present two projects on lattice simulations for the Higgs-Yukawa model. The results from our study show that Lattice Field Theory can be employed for investigating non-perturbative aspects of the model.
Our first project is the search for phenomenologically viable scenarios for a strong first-order thermal phase transition in the Higgs-Yukawa theory with the addition of a dimension-six operator. This dimension-six operator can serve as a prototype of new physics. In this work, we demonstrate that such first-order transitions can indeed be observed, when the cut-off scale is kept high in comparison to the Higgs-boson vev. However, we are yet to find a suitable choice of parameters which leads to large enough Higgs-boson mass. Currently we are performing more lattice computations to further scan the bare parameter space. The second project presented in this article is our work on finite-size scaling behaviour of the Higgs-Yukawa model near the Gaussian fixed point. In this regard, we have derived the scaling formulae by solving the path integrals at one-loop. These formulae are tested against lattice numerical data in the pure-scalar O(4) model, where good agreement is found. Such formulae can be important tools for future works on confirming the triviality of the Higgs-Yukawa theory, or searching for alternative scenarios where strong-coupling fixed points exist.
